A new relation is derived between the spectrum of a noncompact Riemannian manifold M and certain sequences of compact quotients of M.
If M admits a transitive group of isometries, then our results are well known [5, 6, 11] . In fact, strong theorems were proved for symmetric spaces by DeGeorge and Wallach [6] . These earlier papers inspired the present work.
2. The heat kernel. The main object of the present section is to provide the analytic machinery for the proof of our main theorem. However, the results obtained may have intrinsic interest.
We begin with Proof. Since T \M is compact, there is a compact set B in M with TB = M. For convenience, we may suppose that B is a ball of radius r, about some point p E M. As usual, we employ the notation r = T,.
Recall that each T¡ is a normal subgroup of F. Therefore, we may write
We now reason by contradiction. If our conclusion fails, then there is a sequence y¡ G r,, so that d(p, y¡p) is bounded. More specifically, d(p, y¿p) < r' for some r' and ally.
Let B' be the ball of radius r' about p. Then B' intersects an infinite number of its T translates. This contradicts the fact that T acts properly discontinuously.
In the author's earlier paper [7] , the main objects of study were the operators exp(-iA) and exp(-/A7), for t > 0. These fundamental solutions of the heat equation problem are given by smoothing kernels, exp(-/A)g(x) = / exp(-fA)(x, y)g{y) dy and exp(-fAj)h(x) = f exp(-/A )(x, y)h(y)dy JTI\M for g E L2M and h E L2(YS \M). The kernels appearing are C00 functions for í > 0 and arbitrary x, y.
The basic information needed now is contained in Lemma 2.2. For any t > 0, we may write exp(-/Ay)(x, x) = exp(-/A)(x, x) + 0{e-c>/l).
Here, the constant cj,-* oo as j -* oo. This estimate is uniform for t in a compact subinterval of (0, oo).
Proof. Theorem 4.3 of [7] states that exp(-eA;)(;t, y) -1y(irexp(-tA)(x, yy) in the sense of uniform convergence.
In particular, for x -y, one has exp(-t&j)(x, x) = exp(-/A)(.v, x) + 2 exp(-/A)(jc, yx). yer,
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The main estimate of [7, p. 491 ] gives 2 exp(-/A)(jt,Y*) = o{e-ad^').
Here a is a fixed constant, independent of j. Moreover, dy is as given in Lemma 2.1. Set Cj = ad2. The result now follows from Lemma 2.1. By isometry invariance of the heat kernel, one has, for x E M and y£r, exp(-íA)(x, x) -exp(-tA)(yx, yx). Thus cxp(-tA)(x, x) may be considered as a function on T \ M.
The main result of this section is Theorem 2.3. For any fixed t > 0, one has
Here Vol denotes the volume. Moreover, the convergence is uniform for t in a compact subinterval of (0, co ).
Proof. The second equality, and the fact that exp(-rA) is T-trace class follow from [l.pp. 63-64].
To prove the first equality, we write
Tr( e"'*-) _/r,xJi#«"Mx.*)*fc Vol(r,\M) Vol(r,\A/) By Lemma 2.2, one has
However, using the isometry invariance of the heat kernel, we have
Tr(e-'A<) _ jr^e-Hx.x) Vo\(Tj\M) Vo1(T\M:
+ 0(ff-r-/').
Recall that T = T, and each r, is a normal subgroup of T. Letting7 -oo, we obtain Theorem 2.3. By using known estimates of the heat kernel, for manifolds M with bounded geometry, one deduces Corollary 2.4. Suppose that M is simply connected and has nonpositive curvature. Then, for each fixed X > 0, we may write to N/X) *(4«)-"2e\°".
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Here n is the dimension of M.
Proof. For any / > 0 and a > 0, one has, by Theorem 2.3,
By comparison with the Eucliden heat kernel [9] , it follows that exp(-íA)(x, x) < (4irt)'"/2. To do this comparison, one needs that M is complete, simply connected, and of nonpositive curvature.
Now choose a = e'x, so that ae~'y > 1 for y < X.
Then, for any t > 0,
,■_" Vol(r,\M) )-~V<A(Tj\M) The constant Q depends only upon C, and C2. Given this estimate, one follows the proof of Corollary 2.4, with small modifications.
To see that these upper bounds have the correct dependence upon À, it is useful to consider an example. Let r \M be an «-torus. More specifically, T;\M -S;X Sy X • • • XS, where S is a circle of circumference/ For this example, it follows by the geometry of numbers that
Note that this is compatible with Corollaries 2.4 and 2.5.
3. Proof of Theorem 1.1. The proof of our main theorem follows, by an approximation argument, from Theorem 2.3.
In preparation, we recall the elementary lemma, Lemma 3.1. Let f E C0(R + ). Then f may be uniformly approximated by finite linear combinations of exponentials exp(-tx), t > 0.
Proof. Suppose that 0 < x < oo and make the change of variables v = e~x, 0 < v< 1. Define g(y) = f(x). Then g G Co ((0,1]) . Set fk(x) = f(x)ex, gk(x) = g(x)ex, and h(x) = h(x)ex. Then, the spectral theory for selfadjoint operators gives that/¿(A) and gA(A) converge strongly to h(A). Here, we use the fact that A has no point spectrum.
Given this strong convergence, we may apply [1, p. 63 
